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Abstract
We study a metal where a large Fermi surface coexists with a set of ‘hot spots’ with a
high density of states. The hot electrons occupy a small fraction of the Brillouin zone, yet
qualitatively modify the properties of the entire system. We emphasize the importance of
scattering processes in which two electrons from the large, ‘cold’ Fermi surface scatter into
one hot and one cold electron. These lead to a ‘strange metallic’ state with anomalous,
non-Fermi liquid thermodynamic and transport properties. Scattering into hot electrons
that are effectively classical (non-degenerate) in a finite portion of the Brillouin zone leads
to a marginal Fermi liquid. This explains, in detail, the phenomenology of Sr3Ru2O7 in
field, including T -linear resistivity and a T log(1/T ) electronic specific heat. Hot electrons
that are instead localized near a point in the Brillouin zone, such as a two-dimensional
van Hove singularity, lead to different power laws. We show that the transport behavior of
strained Sr2RuO4 is recovered from this picture.
1 Introduction
The conventional theory of metallic transport predicts that the approach to the residual
resistivity at low temperatures should follow one of several simple power laws. If electron-
electron scattering dominates then ρ ∼ T 2 is expected, with each factor of T coming from
the suppression of final electron states due to Pauli exclusion. Dominant electron-phonon
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scattering instead leads to ρ ∼ T 5 in three dimensions. ‘Strange metals’ can be defined as
metals exhibiting an anomalous temperature dependence of the low temperature resistivity.
The T -linear behavior ρ ∼ T has been widely observed, but other scalings including ρ ∼ T 3/2
and ρ ∼ T 2 log T have also been reported. These are all stronger than the conventional T 2
scaling due to electronic scattering. A common scenario is that the anomalous scaling is
observed above a ‘transport temperature’ Ttr, and that Ttr → 0 at some point in the phase
diagram, often associated with quantum criticality [1].
It has proved challenging to concoct a compelling theory of strange metals. The ubiquity of
the strange metal phenomenon across materials suggests that a simple scattering mechanism
is called for. Our approach to this problem starts with the observation that, in many cases,
strong quantum critical scattering is only directly experienced by a relatively small fraction of
the electrons, localized in ‘hot regions’ or in ‘hot bands’. It has been long appreciated that
these strongly scattered electrons are irrelevant as carriers of charge, because they are short
circuited by the longer-lived ‘cold’ electrons [2, 3]. However, the dichotomy between hot (h)
and cold (c) electrons furthermore allows for distinctive physics. We will show that the electron
scattering process cc → ch leads to strange metal transport that is largely independent of
the details of the hot electrons. The essential feature is a large density of states for the hot
electrons close to the chemical potential, emphasized some time ago [4, 5]. This weakens the
phase space suppression of scattering due to Pauli exclusion, leading to a scattering rate for
the cold electrons, and hence the resistivity, that is stronger than T 2. An important special
case is a sufficiently flat and narrow band, wherein the hot electrons are classical above a very
low energy scale. Here there is no phase space suppression for the hot electrons, so that ρ ∼ T .
We will apply the general formalism to a comprehensive explanation of strange metal
transport in the ruthenates Sr3Ru2O7 and Sr2RuO4. The former material exhibits very shallow
hot Fermi pockets close to the Fermi energy and both undergo Lifshitz transitions. We show
that cc → ch scattering above a temperature Ttr produces the observed T -linear and T 2 log T
resistivity, respectively, as well as observed anomalous behavior in the specific heat and optical
conductivity. At temperatures below Ttr, the dominance of cc → ch scattering predicts a
violation of the Kadowaki-Woods relation A ∼ γ2 between the resistivity ρ ∼ AT 2 and specific
heat coefficient γ. Fig. 2 below shows that instead A ∼ ∆γ for Sr3Ru2O7, as our model predicts.
Here ∆γ is the enhancement of the specific heat as the critical field is approached.
2
2 Hot and cold fermions: Kinematic considerations
Consider the setup depicted in Fig. 1. The Fermi surface mostly consists of regions with a high
Fermi velocity, as well as a set of ‘hot spots’ with a large density of states near or at the Fermi
energy. The hot spots could result from a Fermi pocket with a particularly flat dispersion near
its bottom, or from van Hove singularities near the Fermi energy. The essential feature for the
present discussion is that the high density of states is localized in a small part of the Brillouin
zone, whereas the light portions of the Fermi surface are much more extended.
The band geometry near the Fermi energy dictates the kinematics of the electron-electron
scattering processes. Since the density of states of the ‘hot electrons’ is high, whereas the ‘cold
electrons’ away from the hot spots dominate the current due to their higher Fermi velocity,
it is natural to expect the transport lifetime to be determined by scattering processes where
both cold and hot electrons are involved. There are different types of such scattering processes:
for instance, a cold electron can scatter off a hot one, a process we denote as ch → ch; a pair
of cold electrons can scatter into a cold and a hot electron (cc → ch); etc.
~q
<latexit sha1_base64="QGKmhsScG XVFNHkBCilbC3auJlY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPR i8cK9gPaUDbbSbt0s0l3N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikqeNUMWywWMSqHVCNgktsGG4EthOFNAoEto LR/dxvTVBpHssnM03Qj+hA8pAzaqzU6k6QZeNZr1xxq+4CZJ14OalAjnqv/NX txyyNUBomqNYdz02Mn1FlOBM4K3VTjQllIzrAjqWSRqj9bHHujFxYpU/CWNmSh izU3xMZjbSeRoHtjKgZ6lVvLv7ndVIT3voZl0lqULLlojAVxMRk/jvpc4XMiK kllClubyVsSBVlxiZUsiF4qy+vk+ZV1XOr3uN1pXaXx1GEMziHS/DgBmrwAHV oAIMRPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP6dAj8M=</latexit><latexit sha1_base64="QGKmhsScG XVFNHkBCilbC3auJlY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPR i8cK9gPaUDbbSbt0s0l3N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikqeNUMWywWMSqHVCNgktsGG4EthOFNAoEto LR/dxvTVBpHssnM03Qj+hA8pAzaqzU6k6QZeNZr1xxq+4CZJ14OalAjnqv/NX txyyNUBomqNYdz02Mn1FlOBM4K3VTjQllIzrAjqWSRqj9bHHujFxYpU/CWNmSh izU3xMZjbSeRoHtjKgZ6lVvLv7ndVIT3voZl0lqULLlojAVxMRk/jvpc4XMiK kllClubyVsSBVlxiZUsiF4qy+vk+ZV1XOr3uN1pXaXx1GEMziHS/DgBmrwAHV oAIMRPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP6dAj8M=</latexit><latexit sha1_base64="QGKmhsScG XVFNHkBCilbC3auJlY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPR i8cK9gPaUDbbSbt0s0l3N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikqeNUMWywWMSqHVCNgktsGG4EthOFNAoEto LR/dxvTVBpHssnM03Qj+hA8pAzaqzU6k6QZeNZr1xxq+4CZJ14OalAjnqv/NX txyyNUBomqNYdz02Mn1FlOBM4K3VTjQllIzrAjqWSRqj9bHHujFxYpU/CWNmSh izU3xMZjbSeRoHtjKgZ6lVvLv7ndVIT3voZl0lqULLlojAVxMRk/jvpc4XMiK kllClubyVsSBVlxiZUsiF4qy+vk+ZV1XOr3uN1pXaXx1GEMziHS/DgBmrwAHV oAIMRPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP6dAj8M=</latexit><latexit sha1_base64="QGKmhsScG XVFNHkBCilbC3auJlY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPR i8cK9gPaUDbbSbt0s0l3N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG 9f9dgobm1vbO8Xd0t7+weFR+fikqeNUMWywWMSqHVCNgktsGG4EthOFNAoEto LR/dxvTVBpHssnM03Qj+hA8pAzaqzU6k6QZeNZr1xxq+4CZJ14OalAjnqv/NX txyyNUBomqNYdz02Mn1FlOBM4K3VTjQllIzrAjqWSRqj9bHHujFxYpU/CWNmSh izU3xMZjbSeRoHtjKgZ6lVvLv7ndVIT3voZl0lqULLlojAVxMRk/jvpc4XMiK kllClubyVsSBVlxiZUsiF4qy+vk+ZV1XOr3uN1pXaXx1GEMziHS/DgBmrwAHV oAIMRPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP6dAj8M=</latexit>
 ~q
<latexit sha1_base64="jeI9RHR44 udduaYJduQYCKxnq/I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9F Lx4r2FpoQ9lsJ+3SzSbd3RRK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxbDBYhGrVkA1Ci6xYbgR2EoU0igQ+B QM72b+0xiV5rF8NJME/Yj2JQ85o8ZKrYvOGFk2mnbLFbfqzkFWiZeTCuSod8t fnV7M0gilYYJq3fbcxPgZVYYzgdNSJ9WYUDakfWxbKmmE2s/m907JmVV6JIyVL WnIXP09kdFI60kU2M6ImoFe9mbif147NeGNn3GZpAYlWywKU0FMTGbPkx5XyI yYWEKZ4vZWwgZUUWZsRCUbgrf88ippXlY9t+o9XFVqt3kcRTiBUzgHD66hBvd QhwYwEPAMr/DmjJwX5935WLQWnHzmGP7A+fwBEa6P+g==</latexit><latexit sha1_base64="jeI9RHR44 udduaYJduQYCKxnq/I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9F Lx4r2FpoQ9lsJ+3SzSbd3RRK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxbDBYhGrVkA1Ci6xYbgR2EoU0igQ+B QM72b+0xiV5rF8NJME/Yj2JQ85o8ZKrYvOGFk2mnbLFbfqzkFWiZeTCuSod8t fnV7M0gilYYJq3fbcxPgZVYYzgdNSJ9WYUDakfWxbKmmE2s/m907JmVV6JIyVL WnIXP09kdFI60kU2M6ImoFe9mbif147NeGNn3GZpAYlWywKU0FMTGbPkx5XyI yYWEKZ4vZWwgZUUWZsRCUbgrf88ippXlY9t+o9XFVqt3kcRTiBUzgHD66hBvd QhwYwEPAMr/DmjJwX5935WLQWnHzmGP7A+fwBEa6P+g==</latexit><latexit sha1_base64="jeI9RHR44 udduaYJduQYCKxnq/I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9F Lx4r2FpoQ9lsJ+3SzSbd3RRK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxbDBYhGrVkA1Ci6xYbgR2EoU0igQ+B QM72b+0xiV5rF8NJME/Yj2JQ85o8ZKrYvOGFk2mnbLFbfqzkFWiZeTCuSod8t fnV7M0gilYYJq3fbcxPgZVYYzgdNSJ9WYUDakfWxbKmmE2s/m907JmVV6JIyVL WnIXP09kdFI60kU2M6ImoFe9mbif147NeGNn3GZpAYlWywKU0FMTGbPkx5XyI yYWEKZ4vZWwgZUUWZsRCUbgrf88ippXlY9t+o9XFVqt3kcRTiBUzgHD66hBvd QhwYwEPAMr/DmjJwX5935WLQWnHzmGP7A+fwBEa6P+g==</latexit><latexit sha1_base64="jeI9RHR44 udduaYJduQYCKxnq/I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9F Lx4r2FpoQ9lsJ+3SzSbd3RRK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxbDBYhGrVkA1Ci6xYbgR2EoU0igQ+B QM72b+0xiV5rF8NJME/Yj2JQ85o8ZKrYvOGFk2mnbLFbfqzkFWiZeTCuSod8t fnV7M0gilYYJq3fbcxPgZVYYzgdNSJ9WYUDakfWxbKmmE2s/m907JmVV6JIyVL WnIXP09kdFI60kU2M6ImoFe9mbif147NeGNn3GZpAYlWywKU0FMTGbPkx5XyI yYWEKZ4vZWwgZUUWZsRCUbgrf88ippXlY9t+o9XFVqt3kcRTiBUzgHD66hBvd QhwYwEPAMr/DmjJwX5935WLQWnHzmGP7A+fwBEa6P+g==</latexit> ~kh
<latexit sha1_base64="znhVOo/h/JmLt323oE9k44tpdys=">AAAB8HicbV DLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUiyhNlJJxkyM7vMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TJxq hnUWi1i3ImpQcIV1y63AVqKRykhgMxrdzfzmGLXhsXq0kwRDSQeK9zmj1klPnTGybDTtDrulsl/x5yCrJMhJGXLUuqWvTi9mqURlmaDGtAM/sWFGteVM4LTYSQ 0mlI3oANuOKirRhNn84Ck5d0qP9GPtSlkyV39PZFQaM5GR65TUDs2yNxP/89qp7d+EGVdJalGxxaJ+KoiNyex70uMamRUTRyjT3N1K2JBqyqzLqOhCCJZfXiWN y0rgV4KHq3L1No+jAKdwBhcQwDVU4R5qUAcGEp7hFd487b14797HonXNy2dO4A+8zx8cF5CY</latexit><latexit sha1_base64="znhVOo/h/JmLt323oE9k44tpdys=">AAAB8HicbV DLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUiyhNlJJxkyM7vMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TJxq hnUWi1i3ImpQcIV1y63AVqKRykhgMxrdzfzmGLXhsXq0kwRDSQeK9zmj1klPnTGybDTtDrulsl/x5yCrJMhJGXLUuqWvTi9mqURlmaDGtAM/sWFGteVM4LTYSQ 0mlI3oANuOKirRhNn84Ck5d0qP9GPtSlkyV39PZFQaM5GR65TUDs2yNxP/89qp7d+EGVdJalGxxaJ+KoiNyex70uMamRUTRyjT3N1K2JBqyqzLqOhCCJZfXiWN y0rgV4KHq3L1No+jAKdwBhcQwDVU4R5qUAcGEp7hFd487b14797HonXNy2dO4A+8zx8cF5CY</latexit><latexit sha1_base64="znhVOo/h/JmLt323oE9k44tpdys=">AAAB8HicbV DLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUiyhNlJJxkyM7vMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TJxq hnUWi1i3ImpQcIV1y63AVqKRykhgMxrdzfzmGLXhsXq0kwRDSQeK9zmj1klPnTGybDTtDrulsl/x5yCrJMhJGXLUuqWvTi9mqURlmaDGtAM/sWFGteVM4LTYSQ 0mlI3oANuOKirRhNn84Ck5d0qP9GPtSlkyV39PZFQaM5GR65TUDs2yNxP/89qp7d+EGVdJalGxxaJ+KoiNyex70uMamRUTRyjT3N1K2JBqyqzLqOhCCJZfXiWN y0rgV4KHq3L1No+jAKdwBhcQwDVU4R5qUAcGEp7hFd487b14797HonXNy2dO4A+8zx8cF5CY</latexit><latexit sha1_base64="znhVOo/h/JmLt323oE9k44tpdys=">AAAB8HicbV DLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUiyhNlJJxkyM7vMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TJxq hnUWi1i3ImpQcIV1y63AVqKRykhgMxrdzfzmGLXhsXq0kwRDSQeK9zmj1klPnTGybDTtDrulsl/x5yCrJMhJGXLUuqWvTi9mqURlmaDGtAM/sWFGteVM4LTYSQ 0mlI3oANuOKirRhNn84Ck5d0qP9GPtSlkyV39PZFQaM5GR65TUDs2yNxP/89qp7d+EGVdJalGxxaJ+KoiNyex70uMamRUTRyjT3N1K2JBqyqzLqOhCCJZfXiWN y0rgV4KHq3L1No+jAKdwBhcQwDVU4R5qUAcGEp7hFd487b14797HonXNy2dO4A+8zx8cF5CY</latexit>
2kFh
<latexit sha1_base64="v1Do7T+2J/X4U rvO55IU9o/crI4=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZIi6LIoiMsK9gFtCJP ppB06Mwkzk0IJ+RM3LhRx65+482+ctFlo64GBwzn3cs+cMGFUadf9tiobm1vbO9Xd2t7 +weGRfXzSVXEqMengmMWyHyJFGBWko6lmpJ9IgnjISC+c3hV+b0akorF40vOE+ByNBY0o RtpIgW03p0F2P+RITyTPJnke2HW34S7grBOvJHUo0Q7sr+EoxiknQmOGlBp4bqL9DElN MSN5bZgqkiA8RWMyMFQgTpSfLZLnzoVRRk4US/OEdhbq740McaXmPDSTRUS16hXif94g1 dGNn1GRpJoIvDwUpczRsVPU4IyoJFizuSEIS2qyOniCJMLalFUzJXirX14n3WbDcxve4 1W9dVvWUYUzOIdL8OAaWvAAbegAhhk8wyu8WZn1Yr1bH8vRilXunMIfWJ8/2KmTyg==< /latexit><latexit sha1_base64="v1Do7T+2J/X4U rvO55IU9o/crI4=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZIi6LIoiMsK9gFtCJP ppB06Mwkzk0IJ+RM3LhRx65+482+ctFlo64GBwzn3cs+cMGFUadf9tiobm1vbO9Xd2t7 +weGRfXzSVXEqMengmMWyHyJFGBWko6lmpJ9IgnjISC+c3hV+b0akorF40vOE+ByNBY0o RtpIgW03p0F2P+RITyTPJnke2HW34S7grBOvJHUo0Q7sr+EoxiknQmOGlBp4bqL9DElN MSN5bZgqkiA8RWMyMFQgTpSfLZLnzoVRRk4US/OEdhbq740McaXmPDSTRUS16hXif94g1 dGNn1GRpJoIvDwUpczRsVPU4IyoJFizuSEIS2qyOniCJMLalFUzJXirX14n3WbDcxve4 1W9dVvWUYUzOIdL8OAaWvAAbegAhhk8wyu8WZn1Yr1bH8vRilXunMIfWJ8/2KmTyg==< /latexit><latexit sha1_base64="v1Do7T+2J/X4U rvO55IU9o/crI4=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZIi6LIoiMsK9gFtCJP ppB06Mwkzk0IJ+RM3LhRx65+482+ctFlo64GBwzn3cs+cMGFUadf9tiobm1vbO9Xd2t7 +weGRfXzSVXEqMengmMWyHyJFGBWko6lmpJ9IgnjISC+c3hV+b0akorF40vOE+ByNBY0o RtpIgW03p0F2P+RITyTPJnke2HW34S7grBOvJHUo0Q7sr+EoxiknQmOGlBp4bqL9DElN MSN5bZgqkiA8RWMyMFQgTpSfLZLnzoVRRk4US/OEdhbq740McaXmPDSTRUS16hXif94g1 dGNn1GRpJoIvDwUpczRsVPU4IyoJFizuSEIS2qyOniCJMLalFUzJXirX14n3WbDcxve4 1W9dVvWUYUzOIdL8OAaWvAAbegAhhk8wyu8WZn1Yr1bH8vRilXunMIfWJ8/2KmTyg==< /latexit><latexit sha1_base64="v1Do7T+2J/X4U rvO55IU9o/crI4=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZIi6LIoiMsK9gFtCJP ppB06Mwkzk0IJ+RM3LhRx65+482+ctFlo64GBwzn3cs+cMGFUadf9tiobm1vbO9Xd2t7 +weGRfXzSVXEqMengmMWyHyJFGBWko6lmpJ9IgnjISC+c3hV+b0akorF40vOE+ByNBY0o RtpIgW03p0F2P+RITyTPJnke2HW34S7grBOvJHUo0Q7sr+EoxiknQmOGlBp4bqL9DElN MSN5bZgqkiA8RWMyMFQgTpSfLZLnzoVRRk4US/OEdhbq740McaXmPDSTRUS16hXif94g1 dGNn1GRpJoIvDwUpczRsVPU4IyoJFizuSEIS2qyOniCJMLalFUzJXirX14n3WbDcxve4 1W9dVvWUYUzOIdL8OAaWvAAbegAhhk8wyu8WZn1Yr1bH8vRilXunMIfWJ8/2KmTyg==< /latexit>
T/vF c
<latexit sha1_base64="dNZMBGERHrRDCCZeUB /fZxRjlAE=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqs6IoMuiIC4r9AXtMGTSTBuaZIYkUynjfIo bF4q49Uvc+Tdm2llo64HA4Zx7uScniBlV2nG+rdLa+sbmVnm7srO7t39gVw87KkokJm0csUj2AqQIo4 K0NdWM9GJJEA8Y6QaT29zvTolUNBItPYuJx9FI0JBipI3k29XW+dRP7wYc6bHkKc4y3645dWcOuErcg tRAgaZvfw2GEU44ERozpFTfdWLtpUhqihnJKoNEkRjhCRqRvqECcaK8dB49g6dGGcIwkuYJDefq740U caVmPDCTeUS17OXif14/0eG1l1IRJ5oIvDgUJgzqCOY9wCGVBGs2MwRhSU1WiMdIIqxNWxVTgrv85VX Suai7Tt19uKw1boo6yuAYnIAz4IIr0AD3oAnaAINH8AxewZv1ZL1Y79bHYrRkFTtH4A+szx+HWJQr</ latexit><latexit sha1_base64="dNZMBGERHrRDCCZeUB /fZxRjlAE=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqs6IoMuiIC4r9AXtMGTSTBuaZIYkUynjfIo bF4q49Uvc+Tdm2llo64HA4Zx7uScniBlV2nG+rdLa+sbmVnm7srO7t39gVw87KkokJm0csUj2AqQIo4 K0NdWM9GJJEA8Y6QaT29zvTolUNBItPYuJx9FI0JBipI3k29XW+dRP7wYc6bHkKc4y3645dWcOuErcg tRAgaZvfw2GEU44ERozpFTfdWLtpUhqihnJKoNEkRjhCRqRvqECcaK8dB49g6dGGcIwkuYJDefq740U caVmPDCTeUS17OXif14/0eG1l1IRJ5oIvDgUJgzqCOY9wCGVBGs2MwRhSU1WiMdIIqxNWxVTgrv85VX Suai7Tt19uKw1boo6yuAYnIAz4IIr0AD3oAnaAINH8AxewZv1ZL1Y79bHYrRkFTtH4A+szx+HWJQr</ latexit><latexit sha1_base64="dNZMBGERHrRDCCZeUB /fZxRjlAE=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqs6IoMuiIC4r9AXtMGTSTBuaZIYkUynjfIo bF4q49Uvc+Tdm2llo64HA4Zx7uScniBlV2nG+rdLa+sbmVnm7srO7t39gVw87KkokJm0csUj2AqQIo4 K0NdWM9GJJEA8Y6QaT29zvTolUNBItPYuJx9FI0JBipI3k29XW+dRP7wYc6bHkKc4y3645dWcOuErcg tRAgaZvfw2GEU44ERozpFTfdWLtpUhqihnJKoNEkRjhCRqRvqECcaK8dB49g6dGGcIwkuYJDefq740U caVmPDCTeUS17OXif14/0eG1l1IRJ5oIvDgUJgzqCOY9wCGVBGs2MwRhSU1WiMdIIqxNWxVTgrv85VX Suai7Tt19uKw1boo6yuAYnIAz4IIr0AD3oAnaAINH8AxewZv1ZL1Y79bHYrRkFTtH4A+szx+HWJQr</ latexit><latexit sha1_base64="dNZMBGERHrRDCCZeUB /fZxRjlAE=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqs6IoMuiIC4r9AXtMGTSTBuaZIYkUynjfIo bF4q49Uvc+Tdm2llo64HA4Zx7uScniBlV2nG+rdLa+sbmVnm7srO7t39gVw87KkokJm0csUj2AqQIo4 K0NdWM9GJJEA8Y6QaT29zvTolUNBItPYuJx9FI0JBipI3k29XW+dRP7wYc6bHkKc4y3645dWcOuErcg tRAgaZvfw2GEU44ERozpFTfdWLtpUhqihnJKoNEkRjhCRqRvqECcaK8dB49g6dGGcIwkuYJDefq740U caVmPDCTeUS17OXif14/0eG1l1IRJ5oIvDgUJgzqCOY9wCGVBGs2MwRhSU1WiMdIIqxNWxVTgrv85VX Suai7Tt19uKw1boo6yuAYnIAz4IIr0AD3oAnaAINH8AxewZv1ZL1Y79bHYrRkFTtH4A+szx+HWJQr</ latexit>
Wh
✏h
Figure 1: Left: Illustration of cc → ch scattering, in which one of the fermions is scattered
from the cold Fermi surface (blue) into the hot region (red). The hot regions could also be on
the same Fermi sheet as the cold fermions. Right: a sharp peak in the density of states ν()
close to the chemical potential, due to the hot fermions.
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The kinematics of the different scattering processes then suggests that the most important
contribution to the transport scattering rate is from cc → ch and ch → cc processes. This is
because: (i) cc → cc processes give a scattering rate scaling as T 2. Due to the relatively low
density of states of the cold electrons, these contributions will be seen to be sub-dominant
compared to processes involving both c and h electrons. (ii) The ch → ch contribution to
the transport lifetime is suppressed because such processes either involve a small momentum
transfer (if the h electron scatters within the same hot spot), or they involve very specific
momenta corresponding to the inter-hot spot distance (if the h electron scatters between
different hot spots). Scattering processes of the latter kind can only occur between special
momenta on the cold Fermi surface, that are connected to each other by an inter-hot spot
distance. We expect these regions of the cold Fermi surface to be ‘short-circuited’ by other
regions that do not allow such resonant ch → ch scattering. Similar considerations apply for
ch → hh scattering processes. (iii) cc → hh processes of the Cooper type (i.e., scattering a
pair of cold electrons with opposite momenta to a pair of hot electrons at hot spots ±~kh) can
occur over the entire cold Fermi surface. However, such processes do not modify the current
(or any odd moment of the electronic distribution function), and thus they do not contribute
to transport. Further, cc → hh processes with large center of mass momentum of the incoming
particles can only occur on a small portion of the cold Fermi surface.
The ch → cc or cc → ch processes involve large momentum transfer, and contribute
significantly to transport.1 Moreover, for a large enough cold Fermi surface, all of the cold
electrons can participate in a cc→ ch process and no ‘short circuiting’ occurs. In the remainder,
we study the consequences of this scattering at temperatures above and below a scale Ttr set
by the hot fermions. The presence of small hot spots on the Fermi surface will be shown to
fundamentally determine the transport behavior, giving rise to the strong transport anomalies
characteristic of strange metals.
1If the cold Fermi surface is sufficiently large, the cc → ch scattering will include umklapp processes which
degrade momentum. Otherwise, the total momentum of electrons in the hot regions must be rapidly degraded
by some other process, so that there are no subtleties associated with overall momentum conservation.
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3 Sr3Ru2O7: a Marginal Fermi Liquid from classical fermions
We now illustrate the theory through the example of Sr3Ru2O7. We begin by reviewing some
of the key experimental facts in this material.
3.1 Experimental facts
The bilayered perovskite Sr3Ru2O7 exhibits magnetic field-tuned quantum criticality, with
critical c axis field Hc ≈ 7.9T [6]. The essential experimental facts of this material, that we
shall tie together, are as follows:
1. At H = 0 the resistivity is T -linear above Ttr ∼ 20K, and goes as T 2 at the lowest
temperatures. As the field H → Hc, the scale Ttr apparently collapses towards zero
[6, 7, 8]. A schematic phase diagram is shown in Fig. 3 below.
2. As H → Hc at low temperatures, an effective mass m? is strongly enhanced. The growth
of m? is seen in the coefficient A of the low temperature resistivity ρ ∼ AT 2 [6], NMR
spin relaxation [9] and the low temperature specific heat coefficient γ ≡ c/T [10, 11].
However, we see in Fig. 2 that the specific heat enhancement ∆γ follows the scaling
A ∼ ∆γ, distinct from the conventional Kadowaki-Woods relation A ∼ γ2.
Figure 2: As H → Hc at low temperatures, the coefficient A of the T 2 resistivity increases by
a factor of ∼ 7 [6], and is linearly proportional to the specific heat enhancement ∆γ [10, 11].
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3. Angle-resolved photoemission (ARPES) reveals a complicated fermiology with multiple
pockets [12, 13]. Quantum oscillations further show that all except one set of bands —
the γ2 pockets, which are not seen in Shubnikov-de Haas oscillations — do not show
a strongly divergent mass at the critical field [14]. ARPES further shows that the γ2
pockets are remarkably shallow, and give rise to a peak in the density of states at a few
meV from the Fermi energy at zero field [12, 13].
4. The specific heat coefficient γ as a function of temperature shows a broad maximum
at Tpeak ∼ 7K at zero field [11]. A similar peak is seen in the magnetic susceptibility
[15, 16]. As H → Hc the location Tpeak of the peak in γ collapses to zero. Furthermore,
at the critical field a low temperature divergence γ ∼ log T is observed [11, 17], until cut
off at a spin ordering transition at a temperature of about 1K [18].
5. An extended Drude fit to the optical conductivity in the T -linear regime reveals a
scattering rate Γ(ω) ∼ ω for ω & T [19].
Ttr
⇢ ⇠ T
  ⇠   log T
⇢ ⇠ m?hT 2
  ⇠ m?h
T
HHc
 
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Figure 3: Schematic phase diagram of Sr3Ru2O7 as a function of field and temperature. There
is a marginal Fermi liquid of cold electrons above Ttr. In the conventional Fermi liquid below
Ttr, transport is dominated by cold electrons undergoing cc→ ch scattering, while specific heat
is dominated by hot electrons. The hot electron mass m?h is strongly enhanced as H → Hc.
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3.2 Zero field scattering
At zero magnetic field the peak in the density of states due to the γ2 pockets (as measured
by ARPES in experimental fact 3 above) occurs at a distance from the Fermi energy that
roughly coincides with the temperature above which T -linear resistivity is observed. We shall
denote the distance of the peak from the Fermi energy by h, and its width by Wh (see Fig. 1).
At zero field, Wh . |h|. At temperatures above |h|+Wh the γ2 fermions are classical and
non-degenerate. One might indeed expect, therefore, that a cc → ch scattering process into
these classical fermions would only be suppressed by T rather than T 2. We now verify that
this is the case and furthermore show that this scattering leads to Marginal Fermi Liquid
(MFL) [20] behavior of the cold fermions, which will be important to recover other observed
properties. The fact that scattering into a classical fermion produces a MFL has been known
for some time [4, 5].
To connect with the MFL cleanly, we write the scattering process as the interaction of
a cold fermion with a bosonic mode generated by the cold-hot fermion polarizability. We
treat the interaction perturbatively, starting from free cold fermions with spectral weight
ImGRc (ω,~k) = piδ(ω − c,~k). Due to the interaction, the cold fermions acquire the self energy
(we work in d spatial dimensions for generality)
Σ′′c (ω,~k) = λ2
∫
ddq
(2pi)d
∫
dΩ
pi
f(ω − Ω)b(Ω)
f(ω) ImG
R
c (ω − Ω,~k − ~q ) Π′′ch(Ω, ~q ) . (1)
In this form, the above equation is transparently Fermi’s Golden rule: λ is the four-fermion
coupling constant and the Fermi-Dirac and Bose-Einstein distributions are f(Ω) = 1/(eΩ/T +1)
and b(Ω) = 1/(eΩ/T − 1). In textbooks [21], (1) is commonly expressed differently, using the
identity f(ω − Ω)b(Ω)/f(ω) = f(Ω− ω) + b(Ω). The polarizability is
Π′′ch(Ω, ~q ) =
∫
ddk′
(2pi)d
∫
dΩ′
pi
f(Ω′ + Ω)f(−Ω′)
b(Ω) ImG
R
c (Ω′,~k′) ImGRh (Ω′ + Ω,~k′ + ~q ) . (2)
Here ImGRh (Ω′ + Ω,~k′ + ~q ) is the spectral weight of the hot fermions, which we can keep
general. Similarly to above, we have written equation (2) in a manifestly physical way, related
to common formulations though the identify f(Ω′ + Ω)f(−Ω′)/b(Ω) = f(Ω′)− f(Ω + Ω′).
At temperatures greater than |h|+Wh, we have T ∼ |ω| ∼ |Ω| ∼ |Ω′|  |Ω′+ Ω| wherever
ImGRh (Ω′ + Ω,~k′ + ~q ) is nonzero. This leads to simplifications in (2). The cold fermions are at
energies T  vF ckF c = EF c (where kF c, vF c, EF c denote the cold fermions’ Fermi momentum,
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Fermi velocity, and Fermi energy, respectively), which allows the cold fermion dispersion to be
linearized about the Fermi energy. In this way we obtain the explicitly MFL form
Π′′ch(Ω, ~q ) ≈ F (~q ) tanh
Ω
2T , (3)
where, taking the cold Fermi surface to be round for algebraic simplicity,
F (~q ) ≈ pi2
∫
ddk′
(2pi)d δ(|
~k′| − kF c)
∫
dΩ′
pi
1
vF c
ImGRh (Ω′ + Ω,~k′ + ~q ) . (4)
Equation (3) was noted in Ref. [4]. It is then well known that inserting the MFL polarization
(3) into the expression (1) for the self-energy leads to Σ′′c ∼ max(T, ω) [20]. Thus, there is
a T -linear scattering rate that becomes ω-linear at higher frequencies. This explains the
experimental facts 1 and 5 above. We have noted above that cc → ch scattering is large angle,
and therefore this result for the single particle scattering rate also determines the transport
lifetime.
The result (3) is obtained for any form of the hot fermion Green’s function. The only
assumption is that the temperature is above the characteristic energy scales of the hot fermions
(such as Wh and h). In this regime we can estimate the magnitude of the scattering rate
from (4) by taking the hot band to be flat, so that ImGRh (ω,~k) = piδ(ω) for some region of
area/volume kdFh in the Brillouin zone. The hot regions are smaller than the cold Fermi sea,
so that kFh  kF c. In this case, the phase space that the cold fermion can scatter into is
constrained by the size of the hot regions; evaluating the integrals one finds the scattering
rate Γc ≡ Σ′′c (ω = 0) ∼
[
λ2kd−2F c k
d
Fh/v
2
F c
]
T . We give some details of the kinematics leading to
this result in Appendix A. Specializing to d = 2 and restoring units:
Γc ∼ λ2k
2
Fh
v2F c
kBT
~
. (5)
For small enough kFh, the dimensionless prefactor of kBT/~ in this expression will be nu-
merically small and the perturbative computation is controlled. For Sr3Ru2O7 we can es-
timate the prefactor as follows, using numbers from [8]. There are eight hot pockets with∑
i k
2
Fh,i ≈ 0.03A−2. The inverse velocity of the cold Fermi surfaces in (5) controls the
available phase space for scattering. We can estimate this by averaging over bands, so that
〈v−1F c 〉 ≈ 0.5× 10−4s/m. The microscopic coupling λ has units of inverse mass. Again averaging
over bands we estimate λ ∼ 〈vF c/kF c〉 ≈ 0.1/me. Putting these numbers together gives
Γ ∼ kBT/~, consistent with the observed ‘Planckian’ scattering rate [8, 22].
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A similar computation can be done for the ch → ch process, in which a cold electron
scatters off an electron in the hot region. Both the initial and final states of the hot electron
have no Fermi-Dirac suppression. One finds Σ′′c (ω,~k) ∼ λ2k2Fh
∫ d2q
(2pi)2 δ(ω − c,~k−~q). This
scattering is therefore seen to behave as essentially elastic disorder, leading to a scattering
rate proportional to λ2k3Fh/vF c (the q integral is restricted to a region of the same size as the
hot region). It contributes a temperature-independent term to resistivity. However, because
kFh  kF c, this is necessarily small angle scattering for the cold electrons. Therefore, the
effective transport scattering rate is suppressed by an additional factor of (kFh/kF c)2, so that
Γtr ∼ k4Fh/k4F c × kFhvF c/~ (assuming for simplicity that λ ∼ vF c/kF c is set by a single cold
Fermi surface).
There is also a conventional T 2 contribution to the resistivity from cc → cc scattering. For
the MFL T -linear scattering to dominate, the phase space for scattering into cold fermions must
be smaller than that for scattering into hot fermions: kF ckBT/vF c  k2Fh. Geometrically, cc→
ch scattering dominates when the area of the hot region is greater than the area of the thermally
broadened cold annulus shown in Fig. 1. This requirement, that kBT  k2Fh/k2F c × EF c, is
easily satisfied despite kFh being small because EF c is a very high energy scale.
3.3 Low temperature approach to the critical field
The maximum in the density of states shown in Fig. 1 is at a distance |h| from the chemical
potential. At temperatures well below this maximum, all of the fermions are degenerate.
Electron-electron scattering will therefore lead to the usual T 2 resistivity. However, large
angle cc → ch scattering is still important whenever |h| < Wh. In this case there is a low
temperature degenerate Fermi pocket of hot fermions that makes a large contribution to the
density of states. In this regime ω ∼ Ω ∼ Ω′ ∼ Ω + Ω′ ∼ T , and the formulae above give the
scattering rate (re-instating factors of kB and ~ in the final term)
Γc ∼ λ2 kFh
vFhv2F c
T 2 ∼ m?h
m?c
(kBT )2
~EF c
, (6)
where we define the mass of the heavy electrons through their density of states at the Fermi
level: m?h = νh(0)/2pi, and similarly for m?c. In the final term in (6) we again assumed for
simplicity that λ ∼ 1/m?c is set by a single cold Fermi surface. See Appendix A for details
of the kinematics leading to (6). The important factor is the ratio m?h/m?c that, we will
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posit, becomes large as the critical field is approached. The scattering rate Γc determines
the resistivity through the Drude formula ρ = m?cΓc/(nce2). The resulting scaling of the
resistivity with the large hot mass is therefore ρ ∝ m?hT 2. In contrast, if all fermions have a
strongly enhanced mass (become hot) or if ch → ch scattering dominates (for example, if the
hot band is large in the Brillouin zone), then ρ ∝ m2?hT 2.
At the same low temperatures, the electronic specific heat is also given by the conventional
Fermi liquid formula. If m?h  m?c then the hot electrons dominate the specific heat, even
while the cold electrons dominate transport. The enhancement of the specific heat coefficient
γ due to the increasing mass of the hot fermions is therefore ∆γ ∼ k2Bm?h. Together with
the results in the previous paragraph, this leads to A ∼ ∆γ, where A is the coefficient in
the resistivity ρ ∼ AT 2. The notation ∆γ refers to the fact that the specific heat of the cold
fermions has been subtracted out.2 We have recovered precisely the observed linear scaling
shown in Fig. 2 and noted as experimental fact 2 above. The key input is the hypothesis that
m?h becomes large as H → Hc, which leads to the dominance of cc → ch scattering. This
scaling is distinct from the Kadowaki-Woods relation A ∼ γ2 [23], which instead follows from
the resistivity ρ ∝ m2?hT 2 (also noted in the previous paragraph).
Microscopically, the mass enhancement has been assumed to be tied up with metamagnetic
quantum criticality of the hot electrons [24, 6, 25, 26]. The results above are not sensitive to
the details of this physics beyond requiring a divergent m?h in a small region of the Brillouin
zone. However, in using (4) we are also assuming that the integrated single-particle spectral
weight of the hot electrons remains finite as their mass diverges. This leads to a picture in
which the growth of the mass is primarily a band structure effect associated with a strongly
enhanced density of states at the Fermi energy as H → Hc [27]. This spectral weight must
survive the presence of any quantum critical scattering.
3.4 The collapse of Ttr at the critical field
We have just seen that the hot electrons dominate the specific heat at low temperatures,
especially as the critical field is approached. However, at temperatures above the hot electron
2As m?h diverges, m?c also becomes enhanced due to cc→ch scattering. We will see shortly that the
enhancement is only logarithmic: ∆m?c ∝ k2Fh log (m?hvFc/kFh). Close to the critical field this growth is
parametrically weaker than that of m?h, plausibly explaining why it is not seen in quantum oscillations [14].
That said, our interpretation of the specific heat data below will suggest that ∆m?c ∼ m?c is not negligible.
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peak in the density of states (see Fig. 1) their contribution becomes small according to
γhot ∼ k2Fh max
(
W 2h , 
2
h
)
/(kBT 3). In computing γhot at these temperatures the chemical
potential is kept fixed and constant, controlled by the large total number of cold electrons.
The cold fermions dominate the specific heat in this regime. The MFL scattering rate Σ′′c ∼
max(T, ω) implies a logarithmic effective mass enhancement so that ∆γcold ∼ k2B∆m?c ∼
k2Bm?c · k2Fh/k2F c · log(Λ/T ). Here m?c is the unrenormalized cold electron mass. The energy
cutoff scale Λ ∼ vF ckFh because MFL scattering Γc ∼ ω requires ω/vF c . kFh, in order for the
scattering phase space to be determined by the hot fermion pocket (see appendix A). Precisely
such a logarithmic temperature dependence is seen cleanly at low temperatures at the critical
field, as recalled in experimental fact 4 above.3 The onset of logarithmic behavior is also visible
in the data away from the critical field, at temperatures above Ttr. At temperatures below Ttr,
within the hot electron peak in the density of states, the hot fermions become degenerate and
the cold fermion mass enhancement is cut off as γcold ∼ k2Bm?c · k2Fh/k2F c · log
(
Λ/(|h|+Wh)
)
.
The observed crossovers in the behavior of the specific heat and transport data are shown
in the schematic phase diagram in Fig. 3. The model of dominant cc → ch scattering entirely
reproduces the observed behavior if Ttr ∼ |h|+Wh collapses towards zero at the critical field.
This collapse is cut off near the critical field by the onset of spin ordering at around 1K, as
shown in Fig. 3. Therefore the width of the peak in the density of states need not strictly go
to zero.
The data suggests that it is predominantly the scale |h| that drives the collapse of Ttr
toward critical field. We recalled in experimental fact 4 that a peak in the specific heat is seen
at a temperature Tpeak that is a little below Ttr. This Schottky anomaly-like peak is suggestive
of a peak in the density of states that is separated from the chemical potential as illustrated in
Fig. 1. Indeed, the width and location of the peak seen in zero field ARPES data on Sr3Ru2O7
3At H = Hc, the logarithmic dependence of γ(T ) extends down to the SDW ordering temperature,
TSDW ∼ 1K. One might worry that the large entropy of the degenerate hot fermions should instead make a
dominant contribution to the specific heat in this regime. Indeed, at lower temperatures in the data γ(T ) rises
above the extrapolated logarithmic dependence [11]. We ascribe the enhancement of γ(T ) right below TSDW to
the hot electrons, which are becoming either degenerate or gapped by the SDW order. From the magnitude
of the increase in γ at TSDW one can estimate that the contribution of the hot electrons at low temperatures,
γhot ∼ k2Fh/Wh is comparable to the cold contribution ∆γcold ∼ ∆m?c ∼ m?c. This latter order of magnitude
estimate (from the data) implies that
∑
i
k2Fh,i ∼ k2Fc, which coincides with the estimate discussed below (5)
above, that led to the observed Planckian scattering rate.
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[12] is easily verified to quantitatively predict the location and form of the peak in γ(T ).
Physically, as the temperature is raised more states in the hot region become accessible and
hence the specific heat coefficient increases until the temperature crosses ∼ max(|h|,Wh),
beyond which the specific heat starts to decrease (and become dominated by the cold electrons).
This physics also quantatively explains the observed peak as a function of temperature in the
magnetic susceptibility [15, 16]. The simultaneous collapse of Tpeak and Ttr as the critical field
is approached is therefore naturally explained by |h| → 0. Such behavior is consistent with a
recent band structure analysis [27]. As noted above, the essential requirement on the width
Wh of the peak is that it should be of order 1 kelvin at the critical field, so that the MFL
behavior can persist all the way down to the onset of the low temperature ordered phase.
As h → 0, the density of states at the chemical potential increases. This leads to an
increase in the specific heat coefficient at low temperature, tying the collapse of Ttr to the low
temperature mass enhancement described in §3.3.
In the scenario we have outlined, non-degenerate hot fermions are important even at low
temperatures at the critical field. In this case, as noted in §3.2, ch → ch scattering gives an
additional contribution to the residual, temperature-independent resistivity. A strong peak in
the residual resistivity at the critical field is indeed seen in the data [6].
The above discussion is purely in terms of the fermionic band structure. Direct contributions
to transport and thermodynamics from quantum critical collective modes is not necessary
to explain the data, as considered in [28, 29]. Nonetheless, we mention two ways in which
such bosonic physics could additionally be present. Firstly, quantum critical fluctuations of
an overdamped bosonic order parameter with zB = 2 in two dimensions would contribute to
a logarithmic specific heat at low temperatures [30]. Secondly, order parameter fluctuations
provide an additional scattering mechanism. A different source of T -linear scattering will be
called for at the lowest temperatures if Wh does not in fact collapse down to 1K at the critical
field (as we assumed above). Indeed, at the critical field the slope of the T -linear resistivity
changes below ∼ 20K [8], suggestive of an additional scattering mechanism. Regarding this
final point, however, the geometry of the hot Fermi pockets changes significantly as the critical
field is approached [27], and this will also change the slope of the resistivity.
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4 Scattering into a divergent density of states
Nondegenerate fermions will also be present in a localized region of the Brillouin zone whenever
a divergence in the density of states occurs at the chemical potential, such as at a van Hove
point. In general, a dispersion with the scaling h,~k ∼ kz (this need not be a minimum in k,
e.g. at a van Hove point h,~k ∼ k2x − k2y) leads to a density of states
νh() ∼ d/z−1 , (7)
which is divergent for z > d. For z = d there can be a logarithmic divergence, as will be
relevant shortly. Effectively flat bands of the kind discussed in the previous section, if they
are located exactly at the chemical potential, correspond to z = ∞. More generally, with
z < ∞, the density of states (and hence effective mass) of the hot electrons diverges while
Wh remains finite. While this section shares with our earlier discussion the importance of
nondegenerate fermions, it describes a different scenario. The MFL of earlier sections arises at
temperatures above a sharp peak in the density of states. The physics discussed here instead
arises at temperature within a broader, power law or logarithmic, peak that is located at the
Fermi energy.
The lifetime of cold fermions due to cc → ch scattering can again be computed from (1)
and (2) above. The energies are now ω ∼ Ω ∼ Ω′ ∼ T  EF c. The dispersion of the cold
electrons can be linearized about their Fermi surfaces, as previously. The hot electrons obey
ImGRh (ω,~k) =
1
ω
(
Wh
ω
)η
G
(
ω
kz
kzFh
Wh
)
, (8)
for some scaling function G and, for generality, allowing for an anomalous dimension η
for the hot electrons. Here kFh is a characteristic momentum scale of the hot fermions.
This anomalous dimension further shifts the exponent in the density of states (7), so that
νh() ∼
∫
ddk ImGRh (,~k) ∼ d/z−1−η. The simplest case of free electrons is ImGRh (ω,~k) =
piδ(ω−kzWh/kzFh). The scattering kinematics is similar to the cases considered previously, and
is described in detail in Appendices A and B. The resulting scattering rate follows from scaling:
of the two momentum integrals in (1) and (2), one is over the hot region in the Brillouin zone,
with |~k′+~q| ∼ T 1/z, while the other is over the cold Fermi surface. The constraint that ~k,~k−~q
and ~k′ must be near the Fermi surface means this latter integral is over a region of size kd−2F c .
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All told, we obtain the decay rate
Γc ∼ λ2k
d−2
F c
v2F c
T
∫ T
−T
d νh() ∼ λ2k
d
Fhk
d−2
F c
v2F c
kBT
~
(
kBT
Wh
)d/z−η
. (9)
The scattering rate (9) is the number of states in the peak that are thermally accessible. In
the very final term we re-inserted factors of ~ and kB. The previous result (5) corresponds to
z =∞, η = 0 and d = 2. In this section, however, we are considering the more restrictive case
that the peak in the density of states is precisely at the Fermi energy.
There can be logarithmic corrections to (9). For example, a van Hove point in two
dimensions has z = 2 with the dispersion ω ∼ k2x−k2y = k2 cos(2θ). This leads to a logarithmic
divergence in the integrals over q′ in (2) at θ ≈ ±pi/4. Assuming the anomalous dimension η is
small, we obtain Γc ∼ T 2 log(Wh/T ). Another interesting general case is a multi-critical point
with z = 4 in two dimensions [27]. As long as the anomalous dimension η is small, this gives
Γc ∼ T 3/2. Both of these two scalings of Γc with temperature have been obtained previously in
[31] from a variational Boltzmann equation computation. Band structure effects on transport
are also considered in [32]. In our discussion above, the scattering mechanism responsible for
the resistivity is physically transparent.
4.1 Scattering into the van Hove point in Sr2RuO4
Under uniaxial pressure, the ruthenate Sr2RuO4 undergoes a Lifshitz transition, traversing a
van Hove singularity at a critical compressive strain εvH [33]. Resistivity measurements on
very pure samples show a characteristic strange metal ‘fan’ emanating from a critical strain at
zero temperature [34]. Similar behavior has been found upon traversing the van Hove point by
chemical doping [35, 36] or by epitaxial strain [37]. Outside the fan, the resistivity ρ ∼ T 2. In
the uniaxial strain experiment the resistivity near the critical strain fits ρ ∼ T 2 log(TvH/T ),
with TvH = 230K, to excellent accuracy over a range of 40 times the residual resistivity [34].
This is precisely the behavior obtained in the previous section for cc → ch scattering near a
van Hove singularity in two spatial dimensions.
At high temperatures, the resistivity of unstrained Sr2RuO4 gradually crosses over from
quadratic to linear temperature dependence. The linear regime onsets about 600K [38]. It is
interesting to note that this temperature is roughly comparable to the scale TvH mentioned
above. This conceivably suggests that the high temperature T -linear behavior might also be
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due to cc → ch scattering into the band containing the van Hove point, although the ‘hot’
band is not small in this case.
5 Outlook
We have shown that the strange metal phenomenology of two strontium ruthenates can be
understood from the scattering of cold electrons into small regions of hot, non-degenerate
electrons. We denoted this scattering as cc → ch. This simple process can be thought of as a
fermionic analogue of the well-established T -linear scattering rate that arises from scattering
off classical bosons. It is distinct, however, from scattering off a classical fermion, which would
correspond to ch → ch.4
In Sr3Ru2O7 in particular, the proposed dominance of cc → ch scattering successfully
connects quantitative properties of dc and optical charge transport and specific heat. It will
be interesting to see if more subtle observables such as the Hall coefficient, which shows a
dramatic change in behavior across Ttr [42, 43], can also be understood from this perspective.
The thermopower is also a sensitive probe of the presence of non-degenerate electrons.
Our description of Sr3Ru2O7 has been structured around the presence of a peak in the
density of states at zero field that collapses towards the Fermi energy as H → Hc. These
statements are well-grounded experimentally. The most speculative aspect of our discussion
has been the assumption that the width of this peak becomes small (of order 1 kelvin) at the
critical field. This is necessary within our framework to explain how the T -linear resistivity and
T log 1/T specific heat are able to extend down to the lowest temperatures. Direct experimental
confirmation of the narrowing of the peak in the density of states as it moves towards the Fermi
energy is needed to fully justify (or falsify) this aspect of our description. Existing scanning
tunneling microscopy (STM) data as a function of field does not clearly show the peak moving
towards the Fermi energy [44] and is therefore difficult to square with several aspects of the
phenomenology. Finally, our theoretical results have mostly involved perturbative reasoning
based on the density of electronic states. A more fully self-consistent description of the strongly
4In the context of SDW transitions, scattering off composite operators at a hot spot has been argued to lead
to ‘lukewarm’ fermions over the entire Fermi surface [39, 40, 41]. This is analogous to ch → ch scattering in our
framework. In particular, the fact that the scattering is small angle means that it does not strongly impact
transport. It may be interesting to look at the consequences of cc → ch scattering in those models.
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coupled marginal Fermi liquid in Sr3Ru2O7 is ultimately desirable.
Across many other materials — including heavy fermions [45, 46, 47], pnictides [48, 49, 50]
and cuprates [51, 52] — strange metal behavior is commonly associated with mass divergences.
Furthermore, controlled quantum Monte Carlo modelling of e.g. density wave or Ising nematic
criticality in metals clearly shows distinct hot and cold regions of the Fermi surface [53]. The
mass divergence is presumably localized to the hot regions, so that our kinematic considerations
apply. However, unlike the more band structure controlled ruthenate physics discussed above,
strong quantum critical fluctuations can make the spectral weight of hot fermions vanish in
tandem with a divergent mass, such that the hot fermion density of states remains finite, as
seen in e.g. the numerics of [54]. Keeping this caveat in mind, it seems possible that variants
of the cc → ch scattering mechanism identified in this work may underpin strange metallic
physics more broadly.
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A Kinematics of cc → ch scattering
In this appendix, we derive the scattering rates (5) and (6), respectively Γc ∼ T 1 and Γc ∼ T 2,
which are independent of the detailed nature of the hot band structure. Our calculation
here is based on a geometrical approach summarized in Fig. 4 to determine the phase space
available for cc → ch scattering. The focus here is on the Brillouin zone geometry of scattering.
The following appendix B gives a more detailed derivation, encompassing all cases we have
considered.
We work with dimensions d = 2, but generalize our arguments to any dimension d at the end.
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Figure 4: Kinematics for cc → ch scattering. Top right half shows the phase space available to
c → h scattering for a fixed ~q and Ω = 0 as representative cases. The green arcs, connected
by ~q, depict the phase space available for ~k′; they have length ∼ TvFh when the hot fermions
are degenerate, and ∼ kFh when the entire hot spot can be excited. Lower left half shows the
kinematics for scattering the incoming electron, c → c. The blue dashed circle — representing
a fictitious, momentum-shifted cold Fermi surface — denotes the space of ~k − ~q permitted by
momentum conservation so that ~q can connect the cold Fermi surface to precisely the center
of the hot spot. For ~q to connect the cold Fermi surface to any point in the hot spot, ~k − ~q
must lie in the dashed red annulus of width ∼ kFh. Energetics further restrict ~k − ~q to be
within TvFc of the cold Fermi surface.
The hot and cold electrons spectral functions are taken to be ImGRh/c(ω,~k) = piδ(ω − h/c(~k)).
The self energy as defined in (1) and (2) can be simplified greatly by approximating the
Fermi-Dirac functions as f(ω) ∼ 1 for ω . T and 0 otherwise, so that Ω′ and Ω are both
restricted to a range of −T to T . After this approximation, performing the integral over Ω′ in
(2) tells us that
Π′′ch(Ω, ~q ) ∼
1
b(Ω)
∫
h,~k′∈(−T,T )
d2k′ δ(Ω− c,~k′+~q + h,~k′) . (10)
This measures the phase space available to ~k′, assuming a fixed energy difference Ω and
momentum difference ~q between the cold and hot electron. On the upper right half of Fig. 4
the phase space available to ~k′ is denoted by the one-dimensional green arcs. This arc has a
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length TvFh at low temperatures near the bottom of the peak in the density of states, where
the hot electrons are degenerate. At temperatures above the peak, T > |h|+Wh, the entire
hot spot is accessible and the arc length saturates at kFh. Defining k′‖ and k′⊥ to run parallel
and perpendicular to the arc, respectively, the polarization bubble becomes:
Π′′ch(Ω, ~q ) ∼
1
b(Ω)
∫ min( T
vFh
, kFh)
−min( T
vFh
, kFh)
dk′‖
∫
dk′⊥
δ(k′⊥)
|∇k′(c,~k′+~q − h,~k′)|
∼ 1
b(Ω)
1
vF c
min( T
vFh
, kFh).
(11)
This result is valid only when |Ω| . T and ~q can connect the hot spot and cold Fermi surface;
otherwise, Π′′ch(Ω, ~q ) ≈ 0. At intermediate temperatures thermal broadening can lead to a
T 1−α temperature dependence of the accessible hot electron density of states, that is more
general than in (11). This regime is captured by the calculation in the following appendix B.
The gradient |∇k′(c,~k′+~q − h,~k′)| is taken to scale like vF c  vFh.
Inserting the result for the polarization bubble (11) into (1) and assuming ω ∈ (−T, T ),
Σ′′c (ω,~k) ∼
λ2
vF c
min( T
vFh
, kFh)
∫
connects
c→h
d2q
∫ T
−T
dΩ δ(ω − Ω− c,~k−~q) . (12)
Performing the integral over Ω, we find that Σ′′c scales like the phase space available to ~q:
Σ′′c (ω,~k) ∼
λ2
vF c
min( T
vFh
, kFh)
∫
connects c → h
c,~k−~q∈(−T,T )
d2q . (13)
In the lower left half of Fig. 4 the first restriction in the integral over ~q forces ~k − ~q to lie
within momentum kFh of the blue dashed circle. The second restriction requires ~k − ~q to lie
within TvFc of the cold Fermi surface. The two regions denoted by these restrictions intersect
in the green arcs of length ∼ kFh and width ∼ TvFc , so that the phase space available to ~q goes
like TvFckFh. It follows that
Σ′′c (Ω, ~q ) ∼ λ2 min(
T
vFh
, kFh)
kFh
vF c
T
vF c
, (14)
thereby reproducing (5) and (6).
It is straightforward to generalize these geometric arguments to general dimension d. The
momentum ~k′ has phase space ∼ kd−2Fh min(kFh, TvFh ) because the one-dimensional arc in the
upper right of Fig. 4 becomes a (d− 1)-dimensional surface. Similarly, the momentum ~q has
phase space ∼ kd−2F c kFh × TvFc . The self energy for general dimension d is therefore
Σ′′c (~q,Ω) ∼ λ2
kd−2F c k
d−1
Fh
v2F c
min(kFh,
T
vFh
)T. (15)
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B Detailed derivation for a general hot electron dispersion
Here, we give a detailed derivation of the scattering rate due to the cc → ch process for a
general hot electron density of states. The dispersions of the cold and hot electrons are c,~k and
h,~k, respectively, and consider the decay rate of an electron at momentum ~k on the cold Fermi
surface (c~,k = 0), as a function of temperature. The geometry of the scattering process is
illustrated in Fig. 5. We choose ~k′ on the cold Fermi surface such that ~k−~q (where ~q = ~kh−~k′)
is also on the cold Fermi surface. By Fermi’s golden rule, the decay rate of the electron at ~k is
given by5,6
Γc(~k, T ) = 2piλ2
∫
d2δqd2δk′
(2pi)4 δ
(
c,~k′+δ~k′ − c,~k−~q−δ~q − h,~kh+δ~k′+δ~q
)
× f(c,~k′+δ~k′)
[
1− f(c,~k−~q−δ~q)
] [
1− f(h,~kh+δ~k′+δ~q)
]
. (16)
We have approximated, here, that the hot electrons are free so that ImGh is a delta
function. Linearizing the dispersion near the cold Fermi surface,
c,~k−~q−δ~q = −~vk−q · δ~q = −vF c(δq⊥ cos θ + δq‖ sin θ)
c,~k′+δ~k′ = ~vk′ · δ~k′ = vF cδk′⊥, (17)
where ⊥ and ‖ denote the components of either δ~k′ or δ~q perpendicular and parallel to the
cold Fermi surface at ~k′, respectively. θ is the angle between −~v~k′ and ~v~k−~q . For simplicity, we
have assumed a circular cold Fermi surface.
It is useful to perform a change of variables,
δq˜⊥ = δq⊥ cos θ + δq‖ sin θ,
δq˜‖ = −δq⊥ sin θ + δq‖ cos θ. (18)
Using (17,18), Eq. (16) becomes
Γc(~k, T ) = 2piλ2
∫
d2δq˜d2δk′
(2pi)4 δ
(
vF cδk
′
⊥ + vF cδq˜⊥ − h,~kh+δ~k′+δ~q
)
× f(vF cδk′⊥)[1− f(−vF cδq˜⊥)][1− f(vF cδk′⊥ + vF cδq˜⊥)]. (19)
5There are in fact two distinct scattering processes that need to be summed over, related by an exchange of
the two outgoing electrons, each with its own matrix element. The cc→ch scattering amplitude λ includes both
processes.
6For the total scattering rate out of ~k, we should add also the ch→cc process; the analysis of this process is
similar to that of cc→ch, and gives the same parameteric temperature dependence.
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~kh = ~k
0 + ~q
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Figure 5: Geometry for computation of the scattering rate of an electron at ~k due to a cc→ch
process.
Let us define the generalized hot density of states
ν˜h(ε) =
∫ d (δk′‖) d (δq˜‖)
(2pi)2
δ
(
ε− h,~kh+δ~k′+δ~q
)
. (20)
Finally, we change variables from (δk′‖, δq˜‖) to
(k1, k2) = (−δq˜‖ sin θ, δq˜‖ cos θ + δk′‖) + (δq˜⊥ cos θ + δk⊥, δq˜⊥ sin θ). (21)
This gives
ν˜h(ε) =
2
| sin 2θ|
∫
dk1dk2
(2pi)2
δ
(
ε− h,~kh+(k1,k2)
)
= 2| sin 2θ|νh(ε), (22)
where νh(ε) is the hot density of states. The factor 2/| sin 2θ| originates from the Jacobian;
we have assumed that sin 2θ 6= 0. At points where sin 2θ = 0, the cold dispersion cannot
be linearized, and a more careful treatment is needed. However, since this occurs only at a
discrete set of points, the transport properties are not expected to be affected.
Inserting (22) in (19), we arrive at the result:
Γc(~k, T ) ∼ λ2 T
v2F c
∫ T
−T
d νh(), (23)
We consider the divergent hot density of states νh() ∼ ( − h)−α [or νh() ∼ ln
( |−h|
Wh
)
,
corresponding to the case of a van Hove singularity in d = 2] within an energy range of Wh.
At low temperatures T < |h| where the peak in νh() is not excited, Γc ∼ T 2. At intermediate
temperatures |h| < T < Wh, the  integral gives T 1−α [or T ln(T/Wh), in the van Hove case],
20
so that Γc ∼ T 2−α [or T 2 ln(T/Wh)], respectively. The former is consistent with Eq. (9) with
1 + η − d/z = α. At high temperatures Wh < T , the universal Γc ∼ T 1 is recovered.
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